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Transient natural convective heat transfer in a parallelogram-shaped enclosure at large 
Rayleigh numbers is studied. Numerical solutions to the governing Navier-Stokes equations 
are acquired by using a well-established finite-difference method. The possibility of 
utilizing this device as a transient thermal diode, by means of controlling the ti lt angle of 
the partition walls, is investigated. Comprehensive and systematic numerical results of the 
evolutions of the flow and thermal fields are presented for tilt angles 0 °, ___15 °, +30 °, 
+45 °, and _+60°; and Rayleigh numbers 10% 106, and 107. The effects of the Prandtl 
number and of the aspect ratio are scrutinized. Detailed time histories of the mean Nusselt 
number with the ti lt angle are examined. Also, numerical results of the heat transfer rates 
in the steady state are compiled. The steady-state results corroborate previous findings on 
the effectiveness of this f low configuration as a one-way heat transporting device. 
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In t roduc t ion  

Transient buoyant convection in a closed cavity at large 
Rayleigh numbers has received considerable attention in recent 
years (e.g., refs. 1 and 2). In particular, the transient process 
in a simple geometry, such as a rectangular enclosure with its 
sidewalls aligned parallel to gravity, has been widely studied. 
The bulk of the prior work has been concentrated on the 
convective process that is initiated by abruptly lowering and 
raising the temperatures on the two vertical sidewalls, respec- 
tively. Extensive investigations, based on scaling arguments and 
numerical and laboratory experimental studies, have uncovered 
the essential features of flow and heat transfer characteristics 
for the usual parameter ranges of Pr~0(1)  and Ar~0(1).  
Among others, the time scales characterizing the overall transient 
process, together with the global approach to steady state, have 
been clearly delineated. 3-6 

Studies of buoyant convection in a nonrectangular enclosure 
are less numerous, primarily because of analysis difficulties. 
However, a parallelogram-shaped cavity, as depicted in Figure 1, 
poses a problem of special interest. Intuitively, the flow patterns 
and the resulting heat transfer between the two vertical walls 
depend crucially on the tilt angle of the partition walls, 0. 
The buoyant convection, in general, is enhanced when 0 is 
positive; conversely, the convective heat transfer is much less if 
0 is negative. Consequently, an important industrial application 
of this type of enclosure is the thermal diode wall. The practical 
utility of a thermal diode wall has been amply recognized in 
various technological applications, i.e., thermal insulation 
devices, solar collection panels, thermal energy storage systems, 
and double-glazed windows, to name a few. Several recent 
reports, 7-t2 mostly experimental and/or numerical, have em- 
phasized the usefulness of this relatively simple device to act 
as a one-way heat wall. However, the previous studies focused 
on the heat transfer characteristics of steady-state situations. 

In the present study, we address the problem of transient 
buoyant convection in a parallelogram-shaped enclosure. The 
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purpose of this study is twofold. First, in most realistic thermal 
systems, some forms of transient stages are involved, especially 
during start-up or shut-down processes. Therefore investigations 
of the transient convection in a parallelogram-shaped enclosure 
are central to the design and operation of a thermal diode. 
Second, apart from practical applications, the present study is 
significant in revealing the geometric effects of the container 
on the transient buoyant convection. A parallelogram-shaped 
cavity poses an ideal example of nonrectangular shapes that, 
nevertheless, possesses straightforward and explicit geometric 
effects. 

We considered the transient buoyant adjustment process 
of a fluid in a two-dimensional (2-D) parallelogram-shaped 
enclosure when the temperatures of the two vertical sidewalls 
are instantaneously raised and lowered, respectively. In line 
with previous work, 9 the tilted walls were taken to be thermally 
insulating. We obtained finite-difference numerical solutions to 
the time-dependent Navier-Stokes equations. Complete flow 
and temperature data were obtained for the transient phase 
of buoyant convection. Nine different values of the tilt angle 0 
were utilized for computations. The Rayleigh numbers used 
range from 105 to 107; three values of the Prandtl number, 
Pr=0.1,  0.71, and 7.6, were considered; and three sets of the 
aspect ratio, H/L = 0.25, 0.5, and 1.0, were used. 

The objective of the study was to describe the details of the 
transient flow and thermal field structures over a broad range 
of values for the relevant parameters. Also, as was the case 
for the prior work, 9 we focused on supplying complementary 
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numerical data for steady-state heat transfer characteristics, as 
influenced by the tilt angle and other important externally 
specifiable parameters. 

The present numerical results for the steady state are generally 
consistent with the findings of preceding investigations, which 
employed different methods of solution. These numerical data 
provide useful source material against which more elaborate 
measurements or computations can be checked and compared. 

The model 
Figure 1 shows the overall f low configuration. The parallelo- 
gram-shaped cavity is filled with an incompressible viscous fluid 
at rest. The kinematic viscosity of the fluid is v, the thermal 
diffusivity ct, and the coefficient of thermometric expansion ti- 
The fluid is in thermal equilibrium with the solid walls of the 
cavity at uniform temperature To. At t = 0, the temperature on 
the left vertical sidewall is abruptly raised to Th (= To+AT~2) 
and that of the right sidewall is lowered to Tc ( -To-AT/2 ) ,  
respectively. These sidewall temperatures are maintained at the 
same levels thereafter. The tilted walls are assumed to be 
thermally insulating. The size of the cavity is characterized by 
the height H and the tilted wall length L. Consideration is 
confined to 2-D flow fields, and the ensuing fluid motion and 
attendant heat transfer are to be described. 

As Figure 1 shows, the relationships between the cartesian 
coordinates (x, y) and the cavity surface coordinates (~, r/) are 

x=L~cosO and y=L~l+L~sinO (1) 

The governing equations are the time-dependent Navier-  
Stokes equations, with the Boussinesq fluid assumption incor- 
porated. Expressed in the vorticity(()-stream function(qQ 
formulation, these equations, written in nondimensional form, 
are well known (e.g., refs. %10): 

O{ 1 [UO~+ d~q Pr F82~ d2ff d2~q 
0f-+cos~/L ~ V~.J=c°s~OOL~-Zsin0~+t"~J  

+ -  - s i n  0 (2) 
cos 0 8~ 8 r / j  

~T* 1 [uOT* OT*-I 1 

~(+co-~sOL a~ +vNJ=cos 0× 
[ UT*+2s ino82T  * OZT*q 

8~ 2 d~ D / + ~ z  J (3) 

1 [82q~_ 2 sin 0 ~32qJ t32Vl - +  8r/2/=j - - (  (4) 
cos z 0 L ~2 c~ c~r/ 
where U and V denote, respectively, the velocity components 
in the (~, iT) direction; i.e., 

?ql ~W 
U = - -  and V = - - -  (5) 

In Equations 2-5, the nondimensional quantities are defined as 

ctt T * -  T - T o  W=qJ_ ~ L 2¢O 

z = ~  Th-T~ ~ 

H v gflL3(Th- T~) 
Ar=-- P r =  and R a -  

L ~ v~ 

The appropriate boundary conditions are 

U = V= 0 on all solid boundaries 

on ~ = 0  

on ~=1 

T* =0.5 

T* = - 0 . 5  

ST* 
- - = 0  
3n 

on q = 0 , 1  

where n denotes the direction normal to the tilt walls. 
The numerical techniques for solving Equations 2-4 have 

been well established by many previous investigators. We chose 
a modified version of the finite-difference method originally 
developed by Kiiblbeck et al. 13 The algorithm based on this 
methodology has been successfully applied to a number of 
transient buoyant convective flows in an enclosure. 14'15 
Sensitivity tests of grid size for this particular algorithm were 
previously carried out in detail (see Figure 6 of ref. 13 and 
Figure 2 of ref. 15). Similar tests for the present numerical 
solutions were conducted for several runs, and the results were 
quite satisfactory. In the present computations, the mesh points 
employed were typically (33 x 33) for the case of Ar = 1.0. The 
grid points were appropriately increased to handle the cases 
of higher Rayleigh numbers. 

Results and discussion 

Transient evolutions of flow and temperature fields are depicted 
in Figure 2 for Ra = 10 7, Pr = 7.6, and Ar = 1.0. The qualitative 

Notation 

Zr  
H 
L 
Num 
Pr 
Ra 
t 
T,T* 
AT 
U,V 
x, y 

Aspect ratio, H/L 
Height of the enclosure 
Length of the tilted wall 
Mean Nusselt number 
Prandtl number, v/~ 
Rayleigh number, gilL 3 AT/w 
Dimensional time 
Dimensional and nondimensional temperature 
Wall temperature difference, Th--Tc 
Nondimensional velocity components 
Cartesian coordinates 

Greek symbols 
~, r/ Nondimensional transformed coordinates: 

x y - x  tan 0 

~ - L  cos 0; r/ L 

ct Thermal diffuslvlty 
fl Coefficient of volumetric expansion 
0 Tilt angle 
z, z* Nondimensional and scaled nondimensional time: 

~t z* ~ (Ra'~ t/4 

L2, = \ ~ /  
v Kinematic viscosity 
~,, ~ Dimensional and nondimensional stream function 
o9, ( Dimensional and nondimensional vorticity 

Subscripts 
o Reference value 
h Hot wall 
c Cold wall 
m Mean value 
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Figure 2 Plots of streamfunction W and isotherms T*. Ra= 10 ~, 
Pr=7.6, and A r = l . 0 .  The left two columns are for 0 = - 3 0  °, and 
the right two  columns are for 0 = 3 0  °. The scaled nondimensional 
times, ~*[ = (Ra/Ar) 1/4r], are (a) r* = 0.04; (b) z* = 0.1 ; (c) r* = 0.2; 
(d) ~ *=2 .0  

changes, depending on whether 0 takes a positive or negative 
value, are noticeable in both the flow and thermal structures. 
The general results for a positive 0, i.e., a thermally destabilizing 
case, are illustrated in the right two columns of Figure 2. At early 
times, the boundary layers are formed by conductive heat 
transfer from the vertical sidewalls, which produces two cells 
in the flow fields. At intermediate times, two cells move into 
the interior core region and merge into a single cell as buoyant 
convective activities become vigorous. Because of these strong 
convective motions, overshooting appears in the thermal field 
at moderate times. As more time elapses, overshooting tends 
to subside and the amplitudes of fluid motions are reduced. In 
the bulk of the interior, as the steady state is approached, 
the thermal field is fairly linearly stratified in the vertical 
direction; however, the horizontal temperature gradients are 
not insignificant. Here, for computational purposes, we assert 
that the steady state has been achieved if the temporal variations 
of all flow variables are less than 0.1% over a time interval of 
0.1r*, where r* is the nondimensional heat-up time scale, 
defined as z*= z(Ra/Ar)l/4. 3-6 This condition is usually attained 
within 2r*. We further discuss the approach to steady state 
later in connection with the behavior of the mean Nusselt 
numbers on the vertical walls. The global flow characteristics 
described are representative of the solutions when the tilt angle 
0 is positive, although some minor quantitative differences may 
occur, depending on the precise values of the other prevailing 
physical parameters. 

When the tilt angle 0 is negative, i.e., the thermally stabilizing 
vertical wall conditions, the results are demonstrated in the left 
two columns of Figure 2. The early time behavior of the 
conduction-dominant stage is similar to that of the case of a 
positive 0. However, at moderate times, owing to the stabilizing 

effect of buoyancy, the convective activities are less vigorous 
than for a positive 0. The two cells do not merge into a single 
cell in the interior, and no appreciable overshooting appears 
in the thermal field. As time elapses, the flow lessens, and in 
much of the interior region the temperature field exhibits nearly 
complete linear stratification in the vertical direction. 

The principal differences in the character of flow, depending 
on the sign of the tilt angle 0, are more pronounced for a larger 
0, as clearly shown in Figure 3 for 0= +60 °. For 0=60  °, 
intensification of convective activities at moderate times, together 
with overshooting in the thermal field, is more drastic than 
for 0= 30 °. Consequently, even at the steady-state limit, the 
thermal structure in the bulk of the interior region has sub- 
stantial horizontal gradients superposed on the dominant 
vertical gradients. Because of these large horizontal temperature 
gradients, vertical stratification in the interior region deviates 
considerably from a strictly linear profile. On the other hand, 
for 0= - 6 0  °, the convective flows at moderate times are less 
vigorous than for 0 = 60 °; consequently, no single-cell structure 
emerges. Also, the isotherms do not exhibit noticeable over- 
shooting. The temperature field in the interior undergoes a 
relatively smooth stratifying process; no eminent horizontal 
temperature gradients are discernible in much of the interior 
region at intermediate stages. At extended times leading to the 
steady state, temperature stratification shows a nearly perfect 
vertical linear profile in the majority of the central portions of 
the interior core. Interestingly, localized regions of substantial 
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Figure 3 Plots of streamfunction ~ and isotherms T*. Ra= 10 ~, 
Pr=7.6, and A r = l . 0 .  The left two columns are for 0 = - 6 0  °, and 
the right two columns are for 0 = 6 0  °. The scaled nondimensional 
times, -c* [_  = (Ra/Ar)114~], are (a) ~* = 0 . 0 4 ;  (b) T* = 0 . 1 ;  (c) r *  = 0 . 2 ;  
(d) ~* =2 .0  

Int. J. Heat and Fluid Flow, Vol. 11, No. 2, June 1990 131 



Transient natural convection in a parallelogram-shaped enclosure: J. IV/. Hun and B. S. Choi 

F igure4  Plots of streamfunction • and isotherms T*. Ra=106, 
Pr=7.6, and A t =  0.25. The left two columns are  for  0= - 6 0  °, and 
the right two columns are for 0=60  °. The scaled nondimensional 
times, z*l--= (Ra/Ar) 1/4z], are (a) z* = 0.04; (b) z* = 0.1 ; (c) z* = 0.2; 
(d) z *=2 .0  

size exist in the upper left and lower right corners, within which 
the temperatures are almost uniform. 

The computed results illustrated by Figures 2 and 3 clearly 
demonstrate the major differences in flow properties between 
the cases of positive 0 and negative 0. These flow and temper- 
ature fields qualitatively represent all the results computed for 
the parameter ranges considered in the present study for 
A t ~  0(1), although details do reveal minor differences depending 
on the specific parameter variations. 

Figure 4 displays the results for a small aspect ratio, Ar = 0.25. 
For positive 0, the flow is driven by conduction at early times. 
However, since the length of the tilted partition walls is 
substantial, at intermediate times and afterward the thermal 
field contains two rather well-defined regions: conduction- 
dominant areas close to the vertical sidewalls; and the interior 
core, in which the influence of convection is prominent. At the 
steady-state limit, the bulk of the flow field is filled with a 
convection cell of appreciable magnitude; the isotherms in the 
interior are aligned parallel to the plane of the partition walls. 
For negative 0, the early time behavior is conduction controlled. 
However, at moderate and extended times, the isotherms move 
away from the vertical sidewalls, aided by the relatively weak 
convective activities. The steady-state stage is characterized by 
the interior region in which nearly linear vertical stratification 
is attained. In small localized areas close to the left upper and 
right lower corners, the fluid motions are suppressed, and the 
temperatures in these regions are nearly uniform. 

In an effort to understand flow evolution within the vertical 
boundary layer, we plotted in Figure 5 the time histories of 
the vertical velocity at a point adjacent to the hot left wall. 
The velocity initially increases rapidly to a peak value and 
then decreases relatively slowly to approach its steady-state 
value. The overall adjustment time is z*~0(1), where z*= 
(Ra/Ar)l/4(ct/L2)t. This result generally agrees qualitatively with 
previous findings on transient convection in an enclosure. 3-6 
Also, the temporal variations of the mean heat transfer rates 
are very small after about 2r*. This condition reinforces our 
earlier assertion that the numerical data contained in Figures 
2-4 are representative of steady-state features. 

Figures 6 and 7 illustrate the time histories of the mean 
Nusselt number Nu m on the hot vertical sidewall. The time to 
accomplish the global adjustment to the steady state is given 
by z* ~0(1). This result suggests that the overall heat-up time 
scale, originally derived for a rectangular geometry, 1-6 by and 
large, also applies to a parallelogram-shaped container. The 
heat-up time scale measures the global time for buoyant 
convection-driven flows to attain the overall adjustment inside 
much of a cavity. As Figures 6 and 7 indicate, the dominant 
time scales for global adjustment are rather insensitive to 
variations in the tilt angle 0. 

The time-history patterns represented by Figure 6 reveal 
qualitative features similar to the solutions acquired for high- 
Rayleigh number, transient-convective processes in a square 
cavity (e.g., see refs. 1, 14). However, details of the temporal 
behavior of Nu,,, as revealed in Figures 6 and 7, appear to 
be influenced heavily by the geometric particulars of the cavity. 
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Figure 5 Representative plots of the vertical velocity V near the 
vertical wall versus time. Ra=10 e, Pr=7.6, and A r = l . 0 .  The 
p o s i t i o n s  are  (a )  ~ = 0 . 0 1 2 ,  r / = 0 . 5 ;  ( b )  ~ = 0 . 0 5 7 ,  r / = 0 . 5  
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Figure 6 Mean Nusselt number Nu~ versus the scaled time z*. 
Pr=7.6 and A r = l . 0 .  (a) Ra=105; (b) Ra=107 
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Figure 7 Mean Nusselt number Nu~, versus the scaled time z*. 
Ra= lO  e and Pr=7.6. (a) Ar=O.25; (b) Ar=O.5 

One consideration is that the effective area of the cavity varies 
with the tilt angle; another is that the intensity of the convective 
motions depends strongly on the tilt angle, as has been amply 
documented. Therefore, for a large positive tilt angle, both the 
reduction of the cavity area and the intensification of the 
convective activities enable the flow to reach the steady state 
within a relatively short time span. As Figure 7 also indicates 
for a smaller aspect ratio, the length of the insulating partition 
walls, over which the convectively driven fluid has to travel, 
increases; consequently, the time of adjustment tends to increase 
as the aspect ratio decreases. 

It is also noteworthy that in the steady state, as the aspect 
ratio decreases, the ratio of the maximum Num at positive 0 to 
the minimum Num at negative 0 increases. For  instance, this 
ratio is nearly 8.0 when 0=  +60 ° at Ra=106, Pr=7.6,  and 
Ar =0.25, whereas this ratio is only 2.8 when Ar= 1.0 with the 
other parameters being the same. This finding is significant in 
that the aspect ratio strongly influences the effectiveness of a 
one-way heat transfer device. 

Upon compiling the comprehensive numerical data, we 
systematically analyzed the steady-state heat transfer rate to 
gain further insight into the effects of the various parameters. 
Previous studies, both experimental and numerical, have already 
provided a growing body of information concerning the steady- 
state values of Num. In this regard, the present study supple- 
ments and reinforces the existing data. Figure 8 compares the 
present numerical data with prior results. 9'1° The present 
numerical results for R a =  105 closely agree with the previous 
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Figure 8 Variation of the steady-state mean Nusselt number Nu m 
with tilt angle t9. A r = l . 0 .  ( a )  R a = 1 0 5 ;  ( b )  R a = l O  e. © :  p r e s e n t  
numerical solution; I-l: experimental result from ref. 9; . . . .  : 
empirical formula from ref. 10 
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Figure 9 Variation of the steady-state mean Nusselt number Nu m 
with tilt angle 0. A r = l . 0  and Ra= lO  e. /k: Pr=O.1; ©: Pr=O.71; 
[~: Pr = 7.6 

experimental data. For  the case of R a =  106, agreement is 
somewhat less when 0 is positive. However, overall consistency 
among the various results is apparent. 

Finally, we focused on the effect of Prandtl  number  on the 
mean heat transfer rate in the steady state. Figure 9 summarizes 
the numerical results of the steady-state mean Nusselt number  
NUm obtained by using R a =  106 and three different Prandtl  
numbers,  P r=0 .1 ,  0.71, and 7.6. The qualitative trend of Nu,, 
with varying tilt angles is largely unaffected by the change in 
Pr. However, N u ,  generally increases slightly as Pr increases. 
This observation is in accord with previous findings for the 
case of a rectangular cavity. 15,16 

Conclusions 

Extensive numerical calculations were carried out to assess the 
transient natural convection in a parallelogram-shaped enclosure 
when the vertical sidewalls are instantaneously heated differ- 
entially. Depending on whether 0 is positive or negative, 
evolution of the flow and thermal structures vary markedly. 
For  negative 0, the temperature field in the interior undergoes 
a relatively smooth stratifying process, and the temperature 
gradients in the interior are largely vertical at the intermediate 
stages. For  positive 0, appreciable horizontal temperature 
gradients are superimposed on the dominant  vertical gradients. 

Small values of the aspect ratio appear to play a significant 
role in enhancing the effectiveness of a one-way thermal diode. 
A large amount  of transient flow and thermal field data has 
been analyzed to produce time histories of the behavior of Nu,,. 

The steady-state data of the present numerical computations 
agree satisfactorily with the previously reported results. The 

steady-state results of the present calculations supplement 
evidence used to ascertain the effectiveness of the diode as a 
one-way heat wall. 
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